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1 Introduction

Abstract algebra was invented in order to generalize the properties found in
everyday arithmetic and algebra. Some structures represent only ”addition”
and ”subtraction” on scalars; these are called groups. Some represent both an
”addition” and a ”multiplication” operator; these are called rings. Add in a
”division” operator, and you get a field. Any ring is a group, and any field is
a ring. Standard examples include the ring of integers and the field of complex
numbers.

The above structures can be defined in many distinct ways, each with unique
properties. For instance, there is an odd structure called a tropical semiring
which uses a minimum (or maximum) operator as ”addition” and numerical ad-
dition as ”multiplication.” One of the most common and useful applications of
abstract algebra in cryptography with modular arithmetic; addition, multipli-
cation, and particularly exponentiation within the integers modulo some prime
number provide some very useful one-way functions.

Vectors do not fit under any of the above algebraic abstractions; they are
fundamentally very different from scalars. Addition aside, multiplying a vector
with a scalar produces a vector, while a separate inner product operator can
be defined to produce a scalar. Casting aside the inner product, the module
generalizes the vector space over a ring of scalars and a group of ”vectors.”
Modules are a very abstract concept, but they still have demonstrated uses
such as in error-correcting codes and in cryptography.

2 Theory

One of the fundamental components of the definition of a vector space is that
every vector space must be closed under vector addition and scalar multiplica-
tion. These are examples of closure properties, a very important concept in
abstract algebra. These closure properties tell us that whenever we apply an
operator on two objects in a set, we will obtain another object within the same
set. These closure properties are something we often take for granted: that
adding two integers gives another integer, or multiplying two square matrices of
the same size gives another such square matrix.
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Now we formally define structures in abstract algebra, starting with the
group. A group (G,+) consists of a set G and a binary operator + : G×G → G
that satisfy the following properties:

1. Associativity: ∀a, b, c ∈ G, (a+ b) + c = a+ (b+ c)

2. Identity: ∃0 ∈ G such that ∀a ∈ G, 0 + a = a+ 0 = a. 0 is unique.

3. Inverse: ∀a ∈ G,∃b ∈ G such that a+ b = b+ a = 0. b is unique for each
a.

The group is called abelian if it satisfies a fourth criterion:

4. Commutativity: ∀a, b ∈ G, a+ b = b+ a.

The set of integers is thus a natural abelian group: addition is commutative
and associative, 0 is the identity element of addition, and each number can be
negated to produce a unique additive inverse.

A ring (R,+, ·) is then an abelian group (R,+) with a second binary oper-
ator · : R×R → R which satisfies the following properties:

1. Associativity: ∀a, b, c ∈ G, (a · b) · c = a · (b · c)

2. Identity: ∃1 ∈ R such that ∀a ∈ R, 1 · a = a · 1 = a. 1 is unique.

3. Distributivity: ∀a, b, c ∈ G, (a+ b) · c = (a · c) + (b · c), and a · (b+ c) =
(a · b) + (a · c).

Again, the set of integers is a natural ring, with multiplication being asso-
ciative and distributive, and 1 being the identity element of multiplication.

A field is a ring with commutative multiplication and a unique multiplicative
inverse for each element, defined in similar ways as done above. Examples
include the rational numbers, the real numbers, and the complex numbers.

After going over all these definitions, it is important to take a step back and
understand that the motivation here is to abstract the core components of the
algebraic systems we use in practice. Results of these abstractions include op-
erating on the symmetries of geometric shapes and finding new ways to analyze
polynomials, both discrete-valued and continuous.

Formally speaking, a vector space consists of a (scalar) field F , an abelian
group (of vectors) (V,+), and a scalar multiplication operation ·. Then the
vector space meets the following conditions:

1. Associativity: ∀a, b ∈ F and v ∈ V, (ab)v = a(bv).

2. Identity: ∀v ∈ V, 1v = v.

3. Distributivity of scalar addition: ∀a, b ∈ F and v ∈ V, (a + b)v =
av + bv.
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4. Distributivity of vector addition: ∀a ∈ F and u, v ∈ V, a(u + v) =
au+ av.

This is the definition of the vector space that we are all very familiar with by
now, only generalized for all fields instead of specifically the real or the complex
numbers.

Finally, we define the abstract algebra generalization of the vector space:
the module. The concept of a module makes one simple change: it replaces
the field F with a ring R, keeping all else equal. The concept of a module is
thus more flexible than that of a vector space; the group of a module does not
even necessarily need to consist of objects that look like vectors, but can be any
type as the situation demands.

3 Application

To be perfectly honest, I do not understand very well the applications of mod-
ules. One very important application which has uses in theoretical physics and
number theory, among others, is called representation theory. The goal of this
discipline is to represent complex systems in terms of linear transformations.
Unfortunately, the applications of modules seem to be very difficult to both
explain and visualize, so this is where this writeup ends.
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